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ABSTRACT

SPECIAL FUNCTIONS IN TRANSFERRING OF ENERGY AND
SURPLUS OF ENERGY

Nevra EREN

Department of Mathematical Engineering
Ph.D. Thesis

Advisor: Assoc. Prof. Dr. Kevser KOKLU
Co-advisor; Assist. Prof. Dr. Emre EROGLU

In this study,the electromagnetic fields created by an excited source function and
surplus of energy of signal propagation for time-domain modes have been discussed
with an analitical method called the Evolutionary Approach to Electromagnetics (EAE)
in a hollow waveguide. The hollow waveguide means that there are no charges and
currents.The surface of the waveguide is perfectly conducting. The problem has been
solved in a cross-section that is singly connected but geometrically surrounded by a
regular contour L along oz-axis. The subject of this study is real valued electromagnetic
fields that are defined as E(R,t) and H(R,t). They are electric and magnetic field force
vectors, respectively. Analysis of transferring of transient signals along time-harmonic
waveguide modes consists of two main parts. The first one is a modal basis problem.
The second one is a modal amplitude problem. Surplus of energy is observed in process
of the signal transferring. Surplus of energy for the time-domain waveguide modes are
presented via Airy function.

Firstly, Maxwell’s equations with time derivative have been formulated and some
properties of them have been given. The differential form has been obtained for the
energy conservation with the help of Poynting’s theorem. The standart Maxwell’s
equations system has been rearranged in transverse and longitudinal coordinates. Each
electric and magnetic field components is a product of modal base and modal
amplitude. In the time —space, the modal bases have been obtained by solving Neumann
and Dirichlet boundary eigenvalue problems. Then, the scalar functions which are
called modal amplitudes have been found with the help of Klein-Gordon Equation
(KGE). It has been shown that Klein-Gordon Equation is invariant under the relativistic
Lorentz transformations. Finally, the solutions to KGE, modal amplitudes, have been

Xi



formulated as product of Airy functions and the energetic properties of the modal fields
have been investigated. Some numerical examples for energy , surplus of energy have
been given with the help of graphics.

Key words: Maxwell’s equations, Klein-Gordon equation, time-domain modes, Airy

functions, surplus of energy, evolutionary equations, the Evolutionary Approach to
Electromagnetics.

YILDIZ TECHNICAL UNIVERSITY
GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
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OZET

ENERJi TRANSFERINDE (")ZI;L FONKSIYONLAR VE ENERJI
DEGISIiMi

Nevra EREN

Matematik Miihendisligi Anabilim Dali
Doktora Tezi

Tez Danismani: Dog. Dr. Kevser KOKLU
Es Danisman: Yrd. Dog. Dr. Emre EROGLU

Bu calismada, uyarict bir kaynak fonksiyonu tarafindan olusturulan elektromanyetik
alanlar ve zaman-uzay1r modlar1 i¢in bos bir dalga kilavuzunda sinyal yayiliminin
olusturdugu enerji degisimi (artimi) analitik bir metod olan Elektromanyetik Teoriye
Evrimsel Yaklasim (ETEY) metodu ile ele alinmistir. Bos bir dalga kilavuzu yiik ve
akimin olmadigimni ifade eder. Dalga kilavuzu yiizeyi miikemmel bir elektrik iletkendir.
OZ-ekseni boyunca diizgiin bir L kontiiru ile ¢evrili, geometrik olarak tekil baglantili bir
kesit-alanda problem ¢Oziilmistir. Calisma konusu reel degerli elektromagnetik
alanlardir. Bunlar sirasiyla E(R,t) ve H(R,t), elektrik ve magnetik alan kuvvet
vektorleridir. Gegici sinyallerin zaman-harmonik dalga kilavuzu modlar1 boyunca
transferinin analizi iki ana boliimden olusur. Birincisi modal baz problemidir. Ikincisi
modal genlik problemidir. Sinyal transferi siirecinde enerji degisimi gozlemlenir.
Burada zaman-uzayr dalga kilavuzu modlarimin enerji degisimi (artimi) Airy
fonksiyonlar1 yoluyla sunulmustur.

[k olarak, zaman tiirevli Maxwell denklemleri formiilize edilmistir ve baz1 6zellikleri
verilmistir. Poynting Teoremi yardimiyla enerji korunumu i¢in diferansiyel form elde
edilmistir. Standart Maxwell denklemler sistemi enlemsel ve eksenel koordinatlarda
yeniden diizenlenmistir. Her bir elektrik ve manyetik alan bilesenleri modal baz ve
modal genlik ¢arpimidir. Zaman-uzayinda , modal bazlar Neumann ve Dirichlet sinir
0zdeger problemlerinin ¢oziilmesiyle elde edilmistir. Sonra, Klein-Gordon denklemi
yardimiyla modal genlik denilen skaler fonksiyonlar elde edilmistir. Klein-Gordon
denkleminin relativistik Lorentz doniisiimleri altinda degismez (invariant) oldugu
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gosterilmistir.Son olarak, Klein-Gordon denkleminin ¢oziimleri Airy fonksiyonlari
carpimi olarak formiilize edilmistir ve modal alanlarin enerjik 6zellikleri arastirilmastir.
Enerji ve enerji artimi i¢in bazi sayisal 6rnekler grafikler yardimiyla verilmistir.

Anahtar Kelimeler:Maxwell denklemleri, Klein-Gordon denklemi, zaman-uzayi
modlari, Airy fonksiyonlari, enerji degisimi, evrimsel denklemler, Elektromanyetik
Teoriye Evrimsel Yaklagim.

YILDIZ TEKNIiK UNiVERSITESI FEN BILIMLERI ENSTITUSU
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CHAPTER 1

INTRODUCTION

Investigation of electromagnetic fields at finite boundary-value problems is a main
problem in electromagnetic theory. Structures of the problem have been solved are
called cavity or resonator. It is possible to discuss transferring from t=—-o0 to t =400
in classical time-harmonic electromagnetic theory, theoretically. But in practice
electromagnetic fields need to source for excitation. Electromagnetic fields are just

oscillated from beginning such as t=0 [1].

Problems encountered in engineering theory and practice in the areas of energy essential
to use mathematical equations [2] and [3]. Time-harmonic studies are accumulated
Finite Difference Time Domain (FTDT) method extensively [4]. This method is
numerical. On the other hand, analytical methods are used as well. Fourier and Laplace
integral transformations are an analytical method. The remarkable approaches for time-

domain solutions were studied in electrodynamics [5].

Mathematical results must satisfy physical requirements in the analytical method.
Evolutionary Approach To Electromagnetic Theory In Time Domain (EAE) is also an
analytical method [6]. The method investigates solutions of elctromagnetic fields in
time-domain analytically. Papers have demonstrated with the EAE method transferring

of signal on perfect electric conductor surfaces and their cross-section recently [7], [8].

Analysis of transferring of transient signals along time-harmonic waveguide modes
consists of two main parts. The first one is presentation of a modal basis problem. The
second one is a modal amplitude problem that clarity gained by solving Klein-Gordon
equation. Solution of Klein-Gordon equation has revealed time-harmonic modal
amplitudes. Introduction of Klein-Gordon equation is founded by obeying causality
principle. The solution of Klein-Gordon equation is represented serially. Surplus of

energy could be observed in process of the signal transferring. In this study, it is
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demonstrated the energetic considerations for Airy function [9]. Surplusof energy for
the waveguide time-domain waveguide modes are represented via Airy function. The
previous works are reviewed for energy and surplus of energy of time-domain modes in

the waveguides [10].

1.1 Literature Review

The discussions in this dissertation has been carried out in the framework of the
Evolutionary Approach to Electromagnetics (EAE) method. The main principle of EAE
to find electromagnetic fields is to preserve time as an independent variable in the
process of solving Maxwell’s equations with time derivative, d. Then, the amplitudes
and potentials have been derived from Klein-Gordon and Helmholtz equations,
respectively. After accepting that the electromagnetic theory is establihed on Maxwell’s
equations, most of the problems are developped in frequency (Fourier) space. The use
of Fourier transform in solving electromagnetic problems eliminates the time as an
independent variable. The solutions to electromagnetic problems in the time domain are
investigated by applying inverse Fourier transforms. Thus, the problems are described
as obtaining the effective frequencies to calculate the amplitudes of the fields at these

frequencies [1].

In contrast to the use of Fourier transforms, the method of EAE provides us to calculate
and observe the differential equations with time derivative, d, in the interval t, = 0 and
t; = t. The differential equations with time derivatives are named as evolution
equations by mathematicians. The main point of the method is to observe and calculate
the electromagnetic fields in the time space under the suitable initial and boundary
conditions. These boundary conditions are dependent on the cross sectional area on
which the problem is studied. So, this method is called Evolutionary Approach. The
modal amplitudes derived from the KGE are functions of axial coordinate z and time.
The solution obtained from the equation is also a serial solution.

The method was introduced in the 1980’s and early studies were published in Russian
scientific papers [15] and [16]. The English version of the papers were published in
1990’s [6], [17]. For different applications of the EAE method, the recent publications
can be used to get an idea [7], [11], [12].

The EAE method is based on two main ideas. A chronological examination of the

publishes gives us that the pioneers of the idea of working electromagnetic problems in
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the time space seen in 1940’s and 1950’s. J.C.Slater [18], G.V .Kisun’ko, K. Kurokawa
[19] and R.Miiller are the first people that they tried to introduce the fields as series of
eigenmodes. Later, in electromagnetic theory this idea was explained in detail by J.Van
Bladel [20]. This idea has been proposed for the complex amplitudes of the fields and it
has continued to be implemented up to now. By applying the Fourier transform to

[

Maxwell’s equations in the time space, ’d; ©* is replaced by ©” iw ©* and the non-linear
constitutive equations are made linear. Hence, only one thing remains: linearization of
the electromagnetic problem in frecuency domain. But even in the linear
electromagnetic problems Fourier transform is not as easy as it looks [1]. An in-depth

review of the problems encountered in this regard is available in P.Hillion’s article [21].

The second important idea is to obtain the eigenmod solutions conserving d; in
Maxwell’s equations. The modal amplitudes which are the coefficients in these series
should be time dependent. As a result, evolutionary differential equations with time
derivative are obtained for solving modal amplitudes. These equations open another
way for the development of the electromagnetic theory in the time space; The
Evolutionary Approach for Electromagnetic Theory ( EAE). Actually, the constitutive
equations have the differential form that contains time derivative. To be converted to
their algebraic form, force term starts by solving the motion equation which is regarded
as a harmonic mark H.F.Harmuth has reminded of this fact in his recent publications
[22]. The differential form of the constitutive equations with time derivative is natural
for the EAE method, so it is easy to combine the constitutive equations with the
evolution equation [1]. The EAE method can be carried out in different versions. Each
of these starts with the mathematical decompositions of self-adjoint or only symmetric
linear operator from Maxwell’s equations. The second mentioned space acts in
accordance with its variables. The decomposition of the self-adjoint operator from
Maxwell’s equation in this way gives an operator eigenvalue equation. The egienvalues
of these egienequations form a basis of the selected solution space. As a result, the
solution which is tried to find may be presented in terms of eigenvectors series.
Physically, this gives the modal field solutions and where the modal amplitudes are

time- dependent. Then, the evolution equations for the modal amplitudes are derived
[6], [1].

The EAE method has practical examples to cavity problems [6]. First, a self-adjoint
operator which is applied to inside an empty cavity has been decomposed from



Maxwell’s equations. Then, this cavity can be filled with the desired material.

Dispersive or lossy material can be used here [1].

Electromagnetic fields in a waveguide have been obtained in terms of the extension of
the modal bases elements. These elements of bases are vector functions of the
coordinates. Every element in the series has a scalar modal amplitude factor. These
amplitudes are required functions for the fields that can be written in terms of time
dependency. In general, base elements have been expressed with the vector boundary
eigenvalue problem for the Laplace operator. In the special cases of all that the
separation of variables can be applied to, these vector problems have been transformed
into Dirichlet and Neumann boundary value problems for the Laplace operator. An
ordinary differential equations system with time derivative has been derived from
Maxwell’s equations for the modal amplitudes. The system has supported by suitable
initial conditions. This problem is a Cauchy problem. Such modal amplitudes have been
calculated as simple convolution integrals. The source sign may be an arbitrary function

of the time. It has been guaranteed to satisfy the causality principle [1].

1.2 Objective of the Thesis

The analytical method that is used depends on the time differential Maxwell’s equations
which can be formulated in transverse and longitudinal coordinates. These equations
have been solved analytically. A radiating electromagnetic wave in space also carries
energy with it. Therefore, the energetic properties of the electric and magnetic field
have been examined. The waveforms of the energy exchange among certain
components of the modal fields must also act in conjunction with radiation of electric-
magnetic field due to the energy of the time- dependent. In the study the scalar
functions providing the signal transfer have been shown graphically with the energy

they carry. These scalar functions are solutions to the KGE.

General framework of this study has been published in the article that titled as *
Special functions in transferring of energy; a specific case: Airy function’’. So, it is
based on reference [13].This study has been done step by step as follow. A hollow (i.e.,
medium-free) waveguide with its cross-section domain S bounded by a closed singly
connected contour L is considered. It is supposed that L has enough smooth shape which
implies that none of possible inner angles of L (i.e., being measured within S) exceeds

and the cross section S maintains its form and size along the waveguide axis 0z. Our aim
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is to solve the modal fields for the TE and TM modes which are a particular solution to

the system of Maxwell’s equations with the time derivative given as

g E(Rt) (1.1)

)
VXER,t) =~ HR,Y) . VxH(R,1) =g

where E(R,t) and H(R,t) are the electric and magnetic fields, respectively. o and .,

are dielectric and magnetic constants for free-space, respectively. Because the fields
will be excited by an initial condition technique, the source term is not considered in the
Maxwell’s equations. The vector R within the waveguide volume denotes an
observation point. t is observation time. Let’s introduce a right-handed triplet of the

mutually orthogonal unit vectors (z,1,n) where zx|=n. The unit vector z and | are

tangential to the axis oz and contour L, respectively. The unit vector , is outward

normal to the cross-section of domain S [8].

Let’s decompose the vector R and Nabla operator V onto their transverse and

longitudinal parts as

R=1r+2z V=V,+z0, (1.2)

where the projection r is a position vector within the domain S and v is the transverse

Laplacian operator.

Subject of our study is real-valued electromagnetic fields specified by the electric and

magnetic field strength vectors E_(r,t) and H_(R,t), respectively. Separate these

vectors onto their transverse and longitudinal parts similarly to performed in Eq. (1.2),

i.e.,

En.(R,t) = E(r,z,t) + zE,(1,z,t)
H, (R, t)=H(r,zt) + zH,(r, z,t) (1.3)

where m=12,.... Because the waveguide surface is supposed to have physical

properties of the perfect electric conductor, the following boundary conditions hold over

the waveguide surface

nH,(Rt)|,=0, LE,(Rt|, =0, zE,(Rt)|,=0 (1.4)

Let’s give a summary about the contents of this study in general.



Firstly, the modal basis problem has been studied. Here TE time- domain modes and

TM time-domain modes have been investigated.

For TE time-domain modes, let’s consider the Neumann boundary eigenvalue problem

for the operator v? as
alpm(r) — Ho

0 ”’%f| M)2ds=1N (L5
an L ) S lpmr S = ()
S

(V. 2+ v )Y@ =0,

where 5, =n-.v, is the normal derivative on the contour L. ;2 ~ 0 and m=1,2,3,..

are the eigenvalues and their regulation numbers of position on a real axis in the

increasing order of their numerical values. The potentials y_(r) are the eigenvectors of

the corresponding eigenvalues.

For eigenvalue ,,2 = o, the problem (1.5) will have the following form

Y (1) _

Vo =0, —5 =

0 (1.6)

where the function 4, (r) is a harmonic function and its value is distinct from zero. The
minimum-maximum theorem for the harmonic functions yields that , (ry=c where

reL+S and C isan arbitrary constant [10].

Every particular solution y_(r) to the Neumann problem (1.5) generates the TE time-

domain modal fields with the components as
Egm =0

101
vr?llE?n = (_avmcthm(zl t)) & ZﬂévaZnEVJ_lpm(r)Xz

Vi Hy = (0,20 (2, ) [V ATE Y 10 ()] (1.7
Vi Hgm = (b (2, ) U > A o (1)]

where 8, u=Q@lcvyolet, o, , =@lv,)dl oz and 0:1/1/50;10. Specially, the

potential , (r) generates a one-component modal field as

Ey(r,z,t) =0, Hy(r,zt) =zC. (1.8)



The potential h_(z,t)in Eq. (1.7) is governed by Klein-Gordon Equation (KGE)

0%, —0%, ,+1) hp(zt) =0 (1.9)

vmct

which is known as a generalized wave equation [9] and [11].

As similar to the problem of the TE time-domain modes, the Dirichlet boundary

eigenvalue problem for the operator v can be stated as follows

&o

V2 + kD@ =0,  ¢p(@], =0,

2
;’" flgbm(r)lzds —1N (110
S

where k,,%2 > 0,m = 1,2,3.. are the eigenvalues. The potential ¢,(r) will be zero.

The solution ¢,,(r) to the Dirichlet problem (1.10) generates the TM time-domain

modal fields with the following components
H:, =0

11
K Hy = <_axmctem(zi t)) ZX‘uOZE(ﬁKmAZnMVJ_d)m(T)

Kr_nlEren = <6szem(2, t))[KmAZnMVJ_d)m(r)] (1-11)
Km Egm = {em (2, ) [k ® AR o ()]

where O, o =@lcKy)olot, o, ,=@lr,)0!0z- The potential e (z,t) generates the
modal amplitudes in Eq. (1.11) is the solution of the KGE as

(92 9%, +1) eq(zt) =0 (1.12)

KmcCt

which is similar to Eq. (1.9),[10], [11].

The set of the TE and TM modes (as the vector functions of transverse coordinates) is
complete due to the completeness of their generating potentials in the same energetic
space. The completeness comes from Sturm-Liouville and Weyl theorem in functional

analysis about the orthogonal detachments of Hilbert space L,(s) [6], [11], [47]. This

energetic space can be specified by an inner product as

1
(XIJXZ) = Ef (‘SOEl'EZ + ,LLO Hl.Hz)dS < 0 (113)
S



where X, =col(E;,H,),i=12,.., col. stands for ‘‘column”. One can verify that
(x1=,x™ )= for any combinations of m and n with the values 0,1,2,... independently.
Therefore, any pair of the TE and TM time-domain modes is orthogonal in the sense of
inner product (1.13), [10].

Secondly, the time-dependent modal amplitude problem has been studied.

The KGE in Eq. (1.9) for the TE modes and the KGE in Eq. (1.12) for the TM modes

have the same structure. After introducing the scaled time . and scaled coordinate ¢ as
T=vyuct , &=v,2 for TE —modes
T=Kpct , E=Kkpnz for TM — modes (1.14)

the KGE in Eq. (1.9) and Eq. (1.12) can be written in the general form of

(0%, - 0%+ 1) f(&1)=0 (1.15)

where f(&,z) is either e, (&, 7) provided that &= z and =4 ct Or hy, (¢, 1)

provided that £ = _z and 7 =p _ct .

The KGE maintains its form under an action of a Poincare group within the framework
of the group theory. In this aspect, Miller established eleven so called orbits of
symmetry in terms of the group theory [14]. His results are crucial for development of

the electromagnetic field theory in the time-domain.

On the basing of Miller’s idea, let us interpret solution to the KGE in Eq. (1.15) as a
function with a new arguments, namely: f = f(&,z) = f[u(&, 7)., v(&,7)]- The “new”
variables (u,v) are unknown yet, but suppose that they are twice differentiable
functions of the “old” variables (&,7z). Substitution of [u(&, 7). v(&, )] as a formal

solution to Eq. (1.15) yields a new form of this equation as

&) - lai’i ; [(a) () 5+ - 5o

ouodu dudv] 9%f

612 afz av*' 9707 ¢ 02l auov

+1=0 (1.16)

where notice that the derivatives 5, and o, act on the function f (u,v) under study.



Finallly, Surplus of energy for the time-domain mode has been studied.

We think over surplus of energy via Airy function which finds its place in the case 5,

from the Miller’s eleven cases. In the case 5,

2w+v)=71+¢& and (u-v)l=1-¢ (1.17)

given the(-)rather than ),

u=(T+€)— ik and vz(rzf)+"[2_€ (1.18)

4 2

are reversed formulas [9]. Institutions are substituted in equation (1.16), and it is
obtained that

2 2 2 2
[(3—7;) B (g—?) l = [(Z—Z) B (Z—?) l = 4(u—1_v> (1.19)
and by making (1.16) more useful

0° 0%
Wf(u, v) + 4uf(u,v) = Wf(u, v) + 4vf(u,v) (1.20)

is obtained.

If f(u,v)is taken as f(u,v) =U )V (v),the equation (1.20)turns into the following

equation.
1 d? 2
U a2 Ulu) +4u = WWV(U) +4v = 4a (1.21)

where . is a constant of separation of variables. Final solution to KGE which in

compliance with causality principle is introduced as

0 ift<0
fE&={0V®) if0<é<rt (1.22)
0 ifé&>r

In this case, surplus of energy characteristics for all the time-domain modes can be
represented as

[CAZ (E! T) - 582 (E' T)]

sW(,t) = 3

(1.23)



Where f (&, 1) represents the solution of the KGE and

0

0
c/l=—af(f,r) and EB—aE

f&0)

1.3 Hypothesis

In electromagnetic theory, there are three types of canonic initial-boundary value
problems to find electromagnetic field forces by using evolutionary approach, with time
derivative. These problems are the cavite problem, the waveguide problem and the outer
problem. In this doctorial dissertation, the waveguide problem in a subspace of
Euclidean space has been studied. The problem is canonic. It has been solved by using a
method which has been used in cavite problem. This method is the decomposition of the
Maxwell operator from the equation, in a hollow singly-connected waveguide with
perfectly conducting surface. The cross section of the waveguide is regular along the oz

axis .

In electromagnetic theory, to study electromagnetic fields by solving an initial-boundary
value problem is a basic problem. The structures in which the problems are solved are
called “‘cavite’” or “‘resonator’ . In classic time-harmonic electromagnetic theory, it is
only possible to study the events start at t=0 continue up to t=co. But in practic,
researchers use oscillations which are called ‘‘forced oscillations’’ to do their
procedure. The word “‘forced’’ means that the the electromagnetic field occurs when a
stimulating source is applied. Electromagnetic fields occur and start to oscillate after

applying the source. Of course, there is a time t=0 for such an event [1].

It is familiar to do time domain studies by two known methods. The most used one is
““Finite Difference Time Domain —FDTD’’ method. This method is possible by
application of numeric analysis. By this method numeric quantities can be analized with
numbers [4]. During oscillations the data can be obtained and these data can be
recorded, then compared to each other. So, one can observe the procedure in every step.

This method provides us to compare the data obtained from computer [1].

The second method is analytical. In this method, Fourier and Laplace integral
transformations are used. The causality principle is one of the principles should be
underlined because the integrals are studied in (-o0,00) interval. Physics and
Mathematics should be considered together. Mathematical results must satisfy the
physical requirements.

10



Evolutionary Approach to Electromagnetic theory (EAE) is an analytical method. That
is, the method studies the solutions of electromagnetic fields analytically. In analytical
studies of them, the differential evolutionary equations are studied. Because of
conservation of time derivative, these differential equations are called evolutionary
equations. In analytical examination, it is studied with differential evolution equations.
Stimulation of electromagnetic fields and transferring of them along waveguide are
investigated with a sinusoidal sign which has an initial time. These studies have been
made recently with the EAE method [7], [11], [12].

In this study, the research has been carried out in the framework of the Evolutionary
Approach to Electromagnetics (EAE) proposed for the study of electromagnetic field
propagation in a hollow waveguide. The importance of the method is to preserve time as
an independent variable in the process of solving Maxwell’s equations with time
derivative, d,. Problem of surplus of energy has also been studied. The fifth pair of
functions in Miller’s list has been used for signal distribution problem by Tretyakov and
Akgiin [9],[44]. The problem has been discussed and concluded. As a result, the
function that leads to signal transferring and the energy that is produced by
electromagnetic fields have been shown. Then, the surplus of energy has been found
and formalized via Airy functions. Before this study, surplus of energy has been
formalized via Bessel functions of integer-order and semi-integer order by Eroglu,
Aksoy and Tretyakov [8]. Formulizing surplus of energy via Airy functions has been
demonstrated and discussed for the first time in this thesis. In this new discussion, the
energy saved by longitudinal and transverse field components has also been formulated

via Airy functions in the time domain.

11



CHAPTER 2

GENERAL INFORMATION

In this section, some preliminary knowledge used in the study will be given. This
provides some motivation for our subject with which the remainder of our study is

concerned.

2.1 Airy Functions

This section is devoted to general definitions and properties of Airy functions as they

can be, at least partially, found in the chapter concerning these functions in the

*“ Handbook of Mathematical Functions’’ by Abramowitz and Stegun. [24].

2.1.1  The Airy’s Equation

We consider the following homogeneous second order differential equation called the

Airy’s equation.
y' —xy=0 (2.1)

This differential equation may be solved by the method of Laplace, i.e. in seeking a

solution as an integral
y = f e** v(z)dz,
C
This is equivalent to solve the first order differential equation
v +z2v=0.

We thus obtain the solution to the equation (2.1), except a normalization constant
12



y= f e*7~7°/3 dz.
c

The integration path C is chosen such that the function wv(z) must vanish at the
boundaries. This is the reason why the extremities of the path must go into the regions
of the complex plane z, where the real part of z3 is positive (shading regions of the

complex plane) [23].

Re z

Fig. 2.1 The integration path C [23].

From symmetry considerations, it is useful to work with the paths C,, C; and C,.
Clearly, the integration paths C; and C, lead to solutions that tend to infinity when x
goes to infinity. When we consider the path C, and the associated solution, we can
deform this curve until it joins the imaginary axis [23]. Now we define the Airy

function 4; by

1 +ico
=g e*z=2°/3 gz (2.2)

—joco

i

If 1, j,j? are the cubic roots of unity ( that is to say j = e2™/3) the functions defined

by the paths C; and C, are respectively the functions 4;(jx) and 4;(j?x).

We have between these solutions, two by two linearly independent for they satisfy the

same second order differential equation, the relation

A; () + jA;(x) + j?4;(G%x) = 0. (2.3)

13



Now, in place of the functions A4;(jx) and 4;(j%x), we define the function B;(x),
linearly independent of A4;(x), which has the interesting property to be real when X is

real

B;(x) = ij2A;(j*x) — ijA;(x) . (2.4)
Similarly to A4;(x), we have the relation

B;(x) + jB;(jx) + j?B;i(j*x) = 0. (2.5)

On Figs. 2.2 and 2.3, the plots of the functions A;(x), B;(x) and of their derivatives
A;'(x) and B;'(x) are given.
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Figure 2.2 Plot of the Airy function Ai (full line) and its derivative (dotted line) [23].
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Figure 2.3 Plot of the Airy function Bi (full line) and its derivative (dotted line)[23].

2.1.2  Wronskians of Homogeneous Airy Functions

The Wronskians,w{f, g} of two functions f(x) and g(x) is defined by

g( ) _df(®)
dx

wif,g} = f(x) g(x).

For the Airy functions 4;(x) and B;(x), we have the following Wronskians [24].

Wi (), B} = (26)
—1'[1/6

w{4;(x), A;(xe?™/3)} = . 2.7)
' erri/6

w{A;(x), A;(xe 2™/3)} = 5 (2.8)

w{A;(xe?™/3), A;(xe™2"/3)} = L (2.9)

2T

2.1.3  Particular Values of Airy Functions

The values at the origin of homogeneous Airy functions are

15



B;(0)

5 = anE - 0355028053887817239
32/31(3)

A;(0) =

B;'(0) _
V3 314r()

—4;'(0) = = 0.258819403792806798

and therefore

A;(0)4;(0) = Z;—ﬁ

More generally, we havefor the higher derivatives [25]

A;"(0) = (=D)"c, sin(m(n + 1)/3) and
Bi(")(O) = cp[1 + sin(m(4n + 1) /6)

where the coefficient ¢, is

Cp = %3("_2)/31" (n al 1).

2.1.4  Relations Between Airy Functions

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

The following relations are deduced from the formulae (2.3), (2.4) and (2.5) [26] and

[24]

+mi/3
Ai(xei-ZTIi/S) —

[A;(x) £ iB;(x)]

tmi/3

; e
Ail(xei2nl/3) — [Al’(X) i lBl,(x)]
B;(x) = em/eAi(xezm/s) + e—ni/6Ai(xe—2ni/3)

B/ (x) = eS”i/6Ai'(er"i/3) + e—sni/eAir(xe-zm/s)_

2.1.5 Integral Representations of AiryFunctions

(2.15)

(2.16)

(2.17)

(2.18)

An integral definition of A;(x) was given by the formula (2.2). This function can also

be defined by the following formulae [24].

16



o)

1 z3
Ai(x):;_f cos ?+xz dz

0

+ 00
1 .
A;(x) =5 J. ei(z*/3+x2) gz

172 T s
A;(x) = ﬁ ex™"(z°/3+2) dz, x>0

e~¢ e 2. 3 2
Ai(x)=ﬁ e Xz +iz>/3 g, x>0, §==x%2,

—00

o0
3

et —xz? z 2 3/2
Ai(x)=7 e cos(?)dz, x>0, €=§x )

0

More generally, we have
3

+00
1 u
Ai(ax)zﬁf exp[l(§+xu)du.

We give also, the useful formula

+00

t3 .
f exp[i(g + at? 4 bt) dt = 2me'@@a*/3-b) 4. (p — g2)

[27] gives the expressions

Z3

100
1
A(x) = Ej cosh(? —xz)dz
0
and forx >0
172 %

z3 2
j cos[x3/2(? + 72 — §) dz,

-1

Ai(—x) =

[28] the expression

17

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)



(e}
3/2

-£
e z 2
A;(x) = EJ. e~x%z cos(—)\/—dz x>0, &= §x3/2 (2.28)

0

and [29] the following expression (x>0)

t_x_
x 3 t3

A(x)_—f —x __— =—f . (2.29)

For the function B;, we have the integral representation

[oe]

B. — l -z3/3+xz : i d 2.30
() - [e + sm(3 + xz)] dz (2.30)
0

Other formulae [30] and [31] having a great interest for the numerical computation of

Airy functions are obtained by setting

, x>0. (2.31)

1 x 3x
p(x) = 71/2211/632/3,2/3 ¢ A (7)
In fact, the Bessel function K, (x) verifies the relation [32]

f e “K,(u) 1 R etK,(t)

1
u+t Vu Vtcos(mv) ' R() < 2’ arg(t) <.

0

In particular, for

K1/3(x) = (;,TT\/_ Ay (3_96)2/3]

)1/3 2
we obtain
e™¢ p(z) 2 3/2
Ai(x):2n1/2x1/4f Thdz x>0 f=3x (2.32)
¢

with p defined as above and ¢ = §x3/2 . In a similar fashion, we shall have, for x>0

f oo
e p(2)
0 §

18



A = 1 Jo-ocos (E —%) +§sin (E —%)
0

= /2,174 i @z p(z)dz, (2.34)
Bi(—x) = n1/21x1/4 f i (E - Z) —on (E - Z) p(z)dz . (2.35)

: 14 (?)2

It should be noted that the integral representations (2.19) and (2.20) are the most

frequently used.

2.1.6  Ascending and Asymptotic Series

The expansion of A; near the origin x = 0 is[33].

1 o F(nTJr,l) . [2 n
Ai(x) = — 7 Xazo——sin [5 (n+ 1)71] (31/3x) (2.36)

The ascending series of A;(x) and B;(x) are defined [26] and [24] by the following

chain rule
Ai(x) = ¢1f (x) — c29(x) (2.37)
B;(x) = V3[c1f (%) + c,9(x0)] (2.38)

with ¢c; = 4;(0) and ¢, = A4;'(0), and the series

()_§3k<1> ok L 14 147
f = 3, Bk - T3 T T ¥

(o]

2 x3k+1 2 2.5 2.5.8

_ k(2 X L f a4 B g A0 g0
9(x) ;3 (B)k(3k+1)! TR T T TR

where the Pochammer symbol (a),, is defined by
I'(a+n)
(@)o=1, (1), = T =ala+1(@a+2)..(a+n-1) . (2.39)

The ascending series of the derivatives 4;'(x) and B;'(x) are obtained from the

differentiation of the series f(x) and g(x) term-by-term. We obtain therefore

A () = c1f '(x) — c29'(x) (2.40)

19



B/ (x) = V3[e1f'(x) + €29’ (%] (2.41)

and the series

X
1 — A2 - —
fla)=ox"+oas+o3seg
,()_1+1x3+ 1 x6+ 1 x9+
g =T33 713466 @ 1346799

The asymptotic series of A; and B; are calculated with the steepest descent method [35]
and [36]. We will calculate the asymptotic series of A;(x) for x > 0. The definition

(2.2) of A; allows us to write

+ioco
— L eXt=t3/3 gt
2mi '

—ico

i

where C, is the contour defined above . Setting

t =+/x+iu, —o<u< o,
we obtain
oo 3 o 3
3 ey u 1 2 v
metA;(x) = je u xcos(?) du—m je v cos(m) dv,
0 — 00

with & = §x3/2. The cosine function may be replaced by its expansion:

1 v® p12
mefA;(x) = —— | e’ (1 - + — - |dv
' 2x1/4 2132x3/2 " 4134x3 '

— 00

Integrating term-by-term

meSA;(x) =

n1/2< 3.5 N 5.7.9.11 )
2x1/4 11144x3/2 2114423 ’

we obtain the formula given below (2.44). The other series are evaluated similarly. For
x > 1and s > 1, one defines

| I(3s+1/2) _ (2s+1D(@2s+3)..(6s—1)
U T SasaT(s +1/2) 216°s!

(2.42)
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6s+1
Vs = — 65 — 1us ) (2.43)

and the other series, according to the notation of [34] .

o)

LS, 35 1 579111 79111315171
Z)= ,75 " 12167 212167 22 312163 23
s=
M) — v 37 1 579131 7.9.11.13.15.19 1
Z) = 425 B 11216z 212162 72 312163 73
S=
o )_i s _ 579111 911131517192123 1
Z) = 0( ) 72 = 17 32167 22 412164 P
s=

Upsr 35 1 7911131517 1
—1)§ — L 1
Q(2) = Z( R Torr e
R(z) = Z . stS _ ., 579131 911131517.1921251
2= = oie 41216 o
S(z) = i 1) Vas+1 3.7 1 4 7.9.11.13.15.19 1
2= 2,0 5251 = T 12167 312163 73

s=0

Hence we obtain the asymptotic series of the Airy functions and of their derivatives

with § = Zx3/2

1
Ai(x) =~ We_q(—f) ) (2.44)
x1/4-
A ()~ Sz M(=0), (2.45)
1
Bi(x) ~ Weﬁ(f), (2.46)
x1/4
Bi,(x) ~ 7_[1/2 efM(E) , (247)
1
A=) % — [sin (§ =) Q) + cos (£ = 7) P(&), (2.48)
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1/4

A=) = S fsin(§ = T) R — cos (£ = 2) S

1
Bi(—x) =

1/4

B (=) ~ =7 [sin (§ = 7) SO + cos (£ = T) R().

2.1.7  Zeros of Airy Functions

/2,12 [—sin (f —%) P(&¢) + cos (E —%) Q(®,

(2.49)

(2.50)

(2.51)

Zeros of the Airy function A;(x) are located on the negative part of the real axis.

According to the notation of Miller J.C.P [26], we define a, and a,’, the st" zeros of

A;(x) and A;'(x), bs and b’ the real zeros of B;(x) and B;'(x), Bs and B’ the complex

zeros of B;(x) and B;'(x) in the region defined by g <arg(x) < g The complex zeros

of B;(x) and B;'(x) in the region —g < arg(x) < —g are the conjugates of B, and B’

We thus obtain

0= [ as-1),
bo=—f[Fus-3),
b =g [ (as - 1|,
b= e f [ (45— D + 2 @)

, . 3n 3i
B =ei™3g [— (4s —3) + —ln(Z)] :
8 4
We also have the relations:

3n
Ale) = (- [ s - 1),

aa) = (~=1g, [ (as - 3)].

22

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)



3
B/(b) = (~D*f; [ (45 = 3)] (2:60)

3
Bib) = (—1°g, |5 (s = D), 2.61)
Bi'(ﬁs) = (—1)5\/§e_i"/6f1 [%T (4s—1) + %IH(Z)] , (2.62)
B;(B,) = (—1)5~W2ei™/6g, [%t (4s —3) + %ln(Z)] : (2.63)

The distribution of the zeros of A; and B; in the complex plane is given on Figs. 2.4 and
2.5.

The functions f(x), g(x), fi(x) and g, (x) are defined, with |x| > 1, by the relations

O 5 77125 2 64
x z x —_ — e .

(+ 28x2 ~ 3627 T 82924x0 6D

(x) = x?/3(1 + 35 181223 + (2.65)
g\x) = 48x2 ' 288x* 207360x° '

X 1/6 - 5 1525 N 2397875 2.66

filx) = 7.[1/2( 48x%2 4608x* 663552x° (2:69)

x~1/6 7, 1673 84394709 -

910~ 5 (1 =552 ¥ 6122x% ~ 265520808 (267)

23



zeros of Airy Functions
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Figure 2.4 Plot of 1/|A;(x + iy)|. Zeros of |A;(x + iy)| are located on the negative
part of the real axis. The modulus of the Airy function |4;(z)| blows up outside this

axis, except in the sector defined by —g < arg(z) < gwhere it goes to 0 [23].
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Figure 2.5 Plot of 1/|B;(x + iy)|. The real zeros of |B;(x + iy)| can be discerned on
the negative part of the real axis, and the conjugated complex pair of zeros in the sectors

g <arg(z) < gand —g <arg(z) < —g [23].
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2.1.8  Connection with Bessel Functions

As it is said at the beginnig, Airy functios A; and B; may be alternetively written in

terms of Bessel functions I and J of 1/3, and of order 2/3 for their derivatives,

§=2x"2 [37), [27].

Ai(x) = \/E[ 1/3(9() - 11/3(8()] IK1/3(5)

Ai(—x) = £[]—1/3(5) ]1/3(5)] f [e 6H1/3( )(f)] )

40 = =3[0 ) = s )] = ~ 7 = (),

__x _* —igy (@)
A7 (=2) == =3 [2/3(O) = Lo ] = = R[e o1, V@)

B;(x) = \/g[l—1/3(f) + 11/3(5)] = \E R [ei%H1/3(1)(—if)] )

Bi(—x) = \/g[]—1/3(f) —]1/3(5)] = —\/g R [ei%H1/3(1)(f)] ,

Tlx) = X ey
B () = = [1a/s(O) + Los )] = = R[ et i8]

|
V3

Bi’(—x) = %[]—2/3(5) +]2/3(f)] = —i R [e_igH2/3(1)(f)]-

V3

The modified Bessel function K,,(z) is defined by

K, (2) _z[_v(z) + 1,(z)

sin(ntv)

and the Hankel functions H, " (z), H,® (z) by
H, V() = J,(2) + iY,(2),

with the Weber function

]v(z) _]—v(z)

sin(mtv)

Yv(z) =
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2.1.9  Power Series Solutions for Airy’s Equation

The solutions of the second-order linear differential equation,
y'—=ty=0

are called Airy functions. These functions are closely related to the cylinder functions,
and play an important role in the theory of asymptotic representations of various special
functions arising as solutions of linear differential equations. In particular, the Airy
functions turn out to be useful in deriving asymptotic representations of the cylinder
functions for large values of |t| and |v|, valid in an extended region of values of t and v,
that is the order of the cylinder functions The Airy functions also have a variety of
applications to mathematical physics, e.g., the theory of diffraction of radio waves

around the earth’s surface [38].

We now present the power series solutions of Airy functions.
Airy’s Equation

yII _ ty — 0

which is used in physics to model the defraction of light.

We want to find power series solutions for this second-order linear differential equation.
The generic form of a power series is

(O = ) apt"
n=0

We have to determine the right choice for the coefficient (a,). Recall that
Y= Y n(n - Dayt"?
n=2

Plugging this information into the differential equation we obtain:

o)

z n(n—1a,t" 2 — tz a,t" =0

n=2 n=2

or equivalently
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o)

Z nn—1a,t"? - Z a,t"tt =0

n=2 =2

Our next goal is to simplify this expression such that only one summation sign remains.
The obstacle we encounteris that the powers of both sums are different, t®~2 for the
first sum and t™*1 for the second sum. We make them the same by shifting the index of
the first sum up by 2 unitsand the index of the first sum up by 2 units and the index of

the second sum down by one unit to obtain

Z(n +2)(n+ Da,,t" — z Ap_1t" =0
n=0

n=1
Now run into the next problem; the second sum starts at n=1, while the first sum has
one more term and starts at n=0. We split off the Oth term of the first sum:
z(n +2)(n+ 1)a,4ot" = 2a, + Z(n +2)(n + a4t
n=0 n=1

Now we can combine the two sums as follows:

2a, + Z(n +2)(n+ Da,t" — Z an_1t" =0
n=1

n=1
2a2 + Z[(Tl + 2)(” + 1)an+2 - an_l]tn =0
n=1

The power series on the left is identically equal to zero, consequently all of its
coefficients are equal to zero.

Forall n=1,2,3,... we can slightly rewrite as

2a2 =0
(n+2)(n+ a2 —ap-1 =0

Forall n=1,23,......

2a2:0
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a _ an-1
2T m+2)(n+1)

These equations are known as the “‘recurrence relations’’ of the differential equations.
The recurrence relations permit us to compute all coefficients in terms of a, and a;.

We already know from the Oth recurrence relation that a, = 0. Let’s compute a; by

reading off the recurrence relation for n=1.

%733

a;
% =33

a,

-2 -0

% =45

as Qo
Qg

56 (23).(56)

_aq a;
=677 34).(67)
as
=—=0
=78
Qg ag
Qg

~ 89 (23).(5.6)(89)

The hardest part, as usual, is to recognize the patterns evolving: in this case we have to
consider three cases:

All the terms a, , as, ag, ... are equal to zero. We can write this in compact form as

azx42 =0 forallk =0,1,2,3, ...

All the terms a3 , aq, aq, ... are multiples of a, .We can be more precise:

1
43k = 23).(5.6) ... (Bk — D). Gk))

.ag forallk =123, ..

All the terms a, , a,, a4, ... are multiples of a;. We can be more precise:
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1
B3+ = (30 (6.7) ... ((3k). Bk + 1))

.aq forallk =123, ..

Thus the general form of the solutions to Airy’s Equation is given by

00 t3k
y(®) = ao (1 * ; (23).(56) ... ((3k — 1), (3k))>

¢ t3k+1
+a <t + kZl (34).(6.7) .....((Bk). (3k + 1)))

Note that, as always, y(0) = a, and y'(0) = a,. Thus it is trivial to determine a, and

a,; when you want to solve an initial value problem.
In particular,

t3k

n®=1+ ; (2.3).(5.6) .....(Bk — 1. (3K)) "

t3k+1

y2(t) =t + ; (34).(6.7) .....((Bk).(3k + 1))

forma fundamental system of solutions for Airy’s Differential Equations. Below you see
a picture of these two solutions. Note that for negative t, the solutions behave somewhat

like the oscillating solutions of

y' +y=0,

while for positive t, they behave somewhat like the exponential solutions of the
differential equation

y' —y=0.
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Power Series Solutions for Airy’s Equation

Figure 2.6 Plot of the series solutions, y; (t) and y,(t) of Airy’s Equation [38].

2.1.10 The Radius of Convergence of the Power Series Solutions
Airy’s Equation:
y ' —ty=0.

t3k

»n®=1+ ; (2.3).(5.6) .....(Bk — 1. (3K)) "

t3k+1

() =t+ ; (3.4).(6.7) .....(3k). Bk + 1))

form a fundamental system of solutions for Airy’s Differential Equation. The natural
questions arise, for which values of t these series converge, and for which of t these

series solve the differential equation.

The first question could be answered by finding the radius of convergence of the power
series, but it turns out that there is an elegant theorem, due to Lazarus Fuchs (1833-

1902) which solves both of these questions simultaneously [39] and [40].

Fuchs’s Theorem Consider the differential equation
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y' +p®y +q®y =0
with initial conditions of the form
y(0) = yo and y'(0) = y',.

Let r>0. If both p(t) and q(t) have Taylor series, which converge on the interval (-r, r)
then the differential equation has a unique power series solution y(t), which also

converges on the interval (-r, r).

In other words, the Radius of convergence of the series solution is at least as big as the

minimum of the radii of convergence of p(t) and q(t).

In particular, if both p(t) and q(t) are polynomials then y(t) solves the differential

equation for all teR.

Let us look at some other examples.

Hermite’s Equation of order n has the form

y =2ty +2ny =0

Where n is usually a non — negative integer as in the case of Airy’s Equation, both

p(t) = —2t and q(t) = 2n are polynomials, thus Hermite’s Equation has power series

solutions which converse and solve the differential equation for all teR.
Legendre’s Equation of order a has the form

11—t} -2ty +a.(a+1y=0

where a 1s a real number.
We have to rewrite this equation to be able to apply Fuchs’s Theorem. Let’s divide by

(1-t%);

2t ,+a(a+1)
1—¢2” 1—t?

y' y=0

Now the coefficient in front of y''is 1 as required.
What is the radius of convergence of the power series representations of

_a(a+1)

2t
pM)=-7T—7 and q@®) 12

t2

31



(The center as in all our examples will be t=0.) We really have to investigate this

question only for the function

f@®) =

1-—t2
Since multiplication by a polynomial (—2t, and a(a + 1), respectively)

does not change the radius of convergence. The geometric series :

1 _§:n
1—x x

n=0

Converges when -1<x<l1 If we substitute x =t2, we obtain the power series

representation we seek :

1 o0
— 2
1—t2_ztn

which will be convergent when —1 < x = t?> < 1 ,i.e when —1 < t < 1. Thus both

f@®) =

(©) = 2t 4

P = 1— ¢2 an
a(a+1)

W=""w

will converge on the interval (-1,1).

Consequently, by Fuchs’s result, series solutions to Legendre’s Equation will converge

and solve the equation on the interval (-1,1).
Bessel’s Equation of order a has the form
t2y"+ty + (t2 —a?)y=0

where a is a non-negative real number.

Once again we have to be careful! Let’s divide by t*:

t? — a?

" 1 ’
y +1y +—(7—ry=0

Now the coefficient in front of y"is 1 as required by Fuchs’s Theorem.
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The function p(t) = % has a singularity at t=0, thus p(t) fails to have a Taylor series

with center t=0.

Consequently, Fuchs’s result does not even guarantee the existence of power series
solutions to Bessel’s equation. As it turns out, Bessel’s Equation does indeed not always
have solutions, which can be written as power series. Nevertheless, there is a method

similar to the one presented here to find the solutions to Bessel’s Equation.

2.2 General Properties of the Time-Space Modes

Here, some properties of the time-space modes have been given to clarify the

characteristics expressed in some steps.

2.2.1 Completeness of the Time-Space Modes

Both TE (1.7) and TM (1.11) time-domain modes define the arbitrary pair of X;, X,
which are determined by the following inner product in real valued functional space that

has 6-component.
1
(X1, X3) = Ej (e0E1E; + poH Hz)ds < o0 (2.76)
S

where, X; = col(E{, H;) and X, = col(E,, H,) and col. stands for ”column” and ”.”is
the scalar product for 3-component vectors. The set of TE (1.7) and TM (1.11) time-

domain modes have been shown as following;

G = {X#l}%=0] = {Xnlm=1 (2.77)

where X! = col(E},HE) and X& = col(ES, HS).

For m = m/, if the first pair of distinct elements X% and Xglf are replaced insted of X;
and X, in (2.76). (X}, X" ) = 0 is obtained.

This shows us that all elements in the set of G are mutually orthogonal. The same is also

true for the elements of the setof J.

Now, take an X2 element from the set G and an X7 . element from the set J then put

them into equation (2.76) to their places. m and m’ to be arbitrary, (X,’,Q,X;f) =0is
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obtained. The completeness of each G and J in itself has been proven in the studies of
Tretyakov [16], [6].

In addition, G and J form a subspace in the solutions space. Finally, their direct sum is

G @ J. Therefore, one of the subspace is orthogonal to the other.

2.2.2 Relativistic Invariance of the Time-Space Modes

Every time-space (E,,, H,,) modal field of the equations (1.7) and (1.11) is a certain

solution of the system of Maxwell’s equations with time derivative d,:

V xH,, = £,0,E,,

The time-space modal fields which are the solution of Maxwell’s equations with time

derivative d; should be calculated according to the sepecial theory of relativity.

Let us take the inertia frame of the time-space modes of equations (1.7) and (1.11) as
(r,zt) and F as the function of t. Then get a new reference frame F' and assume the
motion with a constant velocity v, along the oz axis. Let’s show the time and
coordinates of F' as (r,z,t). The relationship between (r,zt) and (r,z,t) is

determined directly by Lorentz transformation as follows;

: : , , vz
r=r, z=(z +vt)y, t=<t +C—2>y (2.79)
1 v
wherey—\/l__ﬁzandﬁ—;.

The inverse Lorentz transformation is obtained symmetrically as follows;

' ’ ’ VZ
r=r, z = (z—-vt)y, t—(t—c—z)y (2.80)
when r = r' has been taken, on the contrary, the solutions in the reference frames F and
F’' of the problems (1.5) and (1.10) overlap each other. This means, physically, the
waveguide modal bases in the reference frames F and F' are the same. That is, the
waveguide modal fields in the reference frames F and F' are invariant. Evidently, the

eigenvalues v2, and k2, are invariant in these inertia reference frames [9].
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Lastly, the TE and TM modes in the time-space are uniform in these reference frames
[9].
Let us choose t and ¢ as the dimensionless time and axial coordinate as in (1.14),

respectively.

For the TE modes; Tt = v,,ct and & =,z
For the TM modes; Tt = k,,ct and & =K,z

Then, the equations (1.9) and (1.12) are the same. The introduction of invariance of
amplitudes h,, (&, 1) and e,, (&, T) which are obtained from Klein-Gordon equations are
with the help of Klein-Gordon equation (1.15).

(02-0¢+1)fE D=0
If T = v,ct and & = vz, then f(&,7) is instead of h,,, (£, 1)
If T = k,,,ct and & = Kz, then f(&,1) is instead of e, (¢, 7) .

It can be shown that the equation (1.15) has the same form in both reference frames F
and F'. To illustrate this, take the Lorentz transformations in (2.79), (2.80) and adapt
them to variables (§,7), (§',7):

E=E +B)y, t=@G"+B)y
E=CE-By , T =>0—-BOy (2.81)

Take the solution of the equation (1.15) in new variables (¢,7) instead of the old
variables (&, 7). With the help of the inverse Lorentz transformation, determine the
f[€'(¢,7),7'(&,7)] instead of f (&, 7) and reinterpret this: Take the partial derivatives -
and d; .

0cf(§,7) = (—Bydy +va,)f (€, 1),

0f(§,1) = (vdgy — Bya, ) f (€, 7). (2.82)
By repeating this twice in equation (1.15);

(02-02+1)f(E,1)=0 (2.83)
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is obtained. The equation (2.83) is valid in the reference frame F'. It has the same form

with the equation (2.81) in the reference frame F [9].

2.2.3 Energy Conservation for the Time-Space Modes

Let us apply Poynting theorem to the equation (2.78) and find an average result on the
surface S, the cross- sectional area of the waveguide. Average Poynting vector and
average modal field energy density are shown with P, and W, respectively. Taking the

notations in terms of the equation (1.15), the result is given here:

[(=0:1)% + (0ef)* + 7]

W(E,1) = > (2.84)
P (&, 1) = c(=0:1)(0¢f)

So, Poynting theorem

0¢[—(0:/) (0 )] —0:[(—0:£)* + (3cf)* + f] _ 0 (2.85)

2

is obtained.

2.2.4 Initial Conditions for Klein-Gordon Equations

Klein-Gordon equation should be supported with a pair of initial conditions like any
other second order partial differential equations (PDE). Physically, they play a role in

excitation of an appropriate signal source.

It is assumed that the source isn’t excitated before the time t = 0, it means there is no
motion, but at ¢ = 0 the exitation is started. If so, the initial conditions should be written

as,

_(p(®), =20 =Sfort=0
el =" TS Dz

(2.86)

_{@(T), =20 =fort=0
Lo, <0 = fort<o0.

0
af(f, T) o

¢ (1), ¢(t) should be given and
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& =0 = z = 0should be.

2.2.5 The Principle of Causality

The solutions of Klein-Gordon equation adhere to the requirements of the causality

principle. Here are two comments and they support one another. If the sources

are zero at the starting time, there is a weak causality, that means that all the fields are
zero. In our problem, this corresponds to the case T < 0. The strong causality condition
follows the Einstein’s postulate which suggests that any magnetic field radiates signal

with the speed of light, c in the space.

In our problem, the source is located in the cross-sectional area of the waveguide at
& = 0. This means that the solution of Klein-Gordon equation must be zero beyond the

source point ¢ = 0, after { =1, i.e; z = ct.

Therefore, if the signal spreads along the oz axis, then the solution of Klein-Gordon

equation should be read physically as follows:

f({:,T):O, lfT<O
FED =L f(E,0)#0, if0<é<t (2.87)
fG& ) =0, if &>
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CHAPTER 3

STATEMENT OF THE PROBLEM

Before starting to study the problem, some definitions and expressions used in the study

have been defined and the problem has been stated in this section.

3.1 Definition of the Waveguide

An empty ideal waveguide which has a constant cross-sectional area S that doesn’t

change along oz axis will be considered (j=0).

The contour L is assumed to be arbitrary, but sufficiently smooth. Sufficiently smooth
means that none of the inner angles measured in S exceeds 7. In the rest of the study the
mutually orthogonal unit vectors (z,I,n) ,e.i. zxl=n,l xn =2z, n x z =l have been
used. The vector n is the outer normal to the surface S, the vectorzis oriented along the

o0z axis and the vector | is tangent to the contuor L.

3.2 Standard Formulation of Maxwell’s Equations

For E electric and H magnetic field vectors the following vectorial Maxwell’s equations

will be solved.

V X E(Rr t) = —Ho atH(Rt t)
Vx H(R,t) = £,0,E(R, ) 3.1)

In addition to (3.1), the following scalar Maxwell equations will also be used.

V.E(R,t) =0

V.H(R,t) =0 (3.2)
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The equations (3.1) and (3.2) are valid in the waveguide, except the surface. Assuming
that the surface area of the waveguide has property of excellent electical conductivity
property and the components of the fields are exposing to the following boundary

conditions.

n.HRt)|, =0, LERt)|,=0 zER1)|,=0 (3.3)
The Maxwell’s equations are hyperbolic partial differential equations, so the equations
(3.1) should be subjected to the given initials conditions.

E(R,0) =0, H(R,0) =0 (3.4)

The electromagnetic field energy is finite due to physical principles. So the initial-
boundary value problems (3.1)-(3.4) must be solved in class of integrable vector
functions. Therefore, the energy characteristics for E and H should be introduced. First,

it is useful to give the poynting theorem.

For electromagnetic waves, there is a mathematical description of the energy transfer
rate in per unit time. The differential form of energy conservation will be obtained with

this theorem. In vector analysis,

V.(ExH) =H.(VXE)—E.(VxH)

is known . When the Maxwell’s equations in (3.1) are substituted in this given equality,
V.(EXxH) = —uoHo,H — ¢,Ed,E

is obtained. From the product rule for the derivative

HOH = 10(H.H) 10|H|?
U2 ot 2 ot

EQE — 10(E.E) 10[E|?
2 ot 2 ot

After substitution of these,
V.(ExH) = 9 L |H|2+1 |E|?
(EX H) = — =G polHI? + 5 & |E[)

can be obtained as the point form of Poynting’s theorem.

Lastly, let’s integrate over the volume V of the closed surface S.
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fV(ExH)d —f 9 1 |H|2+1 |E|?) d
. v= 5 at(zﬂo 230 ) dv

4

Before applying the divergence theorem, let’s state the theorem:

Divergence Theorem Let S be a closed surface bounding a region of volume V.
Choose the outward drawn normal to the surface as the positive normal. If F is

continuous and has continuous partial derivatives in the region then

fV. (F)dv =j>‘ (F.n)ds

v

In words this theorem, called the divergence theorem or Green’s theorem in space,
states that the surface integral of the normal component of a vector F taken over a
closed surface is equal to the integral of the divergence of F taken over the volume

enclosed by the surface.[46]

if the divergence theorem is applied to the left hand side of the equality above,

o 1 1
jf (ExH)ds=——f G ol HIZ + = o |EI2) dv
s v 2 2

ot
can be obtained as the integral form of the Poynting’s theorem. The right hand side of
this equality is interpreted as a decrease in the magnetic and electric power stored in the
volume V. Due to energy conservation, the statement given by the right hand side of
this equality must equalize the power drops out the volume along the limited surface S.

As a result the Poynting vector

P=EXxH

written in the left hand side, must show the transferred power of electromagnetic field
leaving the volume V per unit area. Energy characteristics for vector fields E and H are

defined as

1
Wzt = o f {eo(E.E) + 1o (H. H)}ds
S
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P,(z,t) = %f z.|E X H]ds (3.5)
5

where P,(z,t) is the z-component of the Poynting vector and W (z,t) is the energy
stored in the field. When the Poynting’s theorem is applied to Maxwell’s equations in
(3.1), in time domain the differential form of the energy conservation will be obtained

as

d0,P,(z,t) + oW (z,t) =0 .

3.3 Transverse — Longitudinal Decompositions

The position vector R and V operator can be decomposed as;

R=r+zz, V=V, +1z0,.

where r is the projection of the vector R onto the domain S indicating a point of

observation within S and the differential procedure V, acts on the transverse

coordinates (r).
The field vectors E and H can be decomposed as;

E(R,t) = E(r,z,t) + ZE,(r,z,t)
H(R,t) = H(r,z,t) + zH,(r, z,t)

As their transverse and longitudinal coordinates where E(r,z,t) and H(r,z,t) are the
projections of the electric and magnetic field vectors onto the domain S, respectively, E,

and H, are the magnitudes of z-components of the same vector fields.

The Maxwell’s equations in (3.1) can be decomposed as their transverse and

longitudinal parts using the above data. Then the equation (3.2) will be added to them.

VxE(R 1) = [(V, +28,) X (E + zE,)]
Vx H(R,t) = [(V, +2d,) X (H + zH,)]

To find the left-hand sides of the above equations, it is introduced a three-component

vector field A, and calculate the curl of the vector as shown below.

VX A=[(V, +29,) X (A+1zA,)]
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=[(V,xA)+ (V, xzA,)]|+ [z0, X A] + [z0, X ZA,]

It is evident that

[zd, xzA,] =0,(V,  xzA,) = (V,A, xz) =(V, Xz)A, and
[zd, X A] =d,[zx A], thus
VX A=[(V, +2d,) X (A+zA,))] =[(V,xA)+ (V, XxZz)A,|+0,[z X A]

Is obtained. We now can apply this result to the transverse and longitudinal parts of the

Maxwell’s equations as given below;
VXER,t) = [(V, +2d,) X (E+ zE,)]

= [(VLXE) + (Vy X 2)E,] + 0,[z X E] = —po0:H — 2490, H,
VXH(R,t) =[(V, +20,) Xx(H+zH,)]

=[(V, xH)+ (V, X2z)H,] + 0,[z X H] = £,0,E + z&,0.E,

By making use of a well-known vector identity A.(BXC) = B.(CXA), the scalar

multiplications of above equations by the unit vector z yield ;

z.[VXER ] =2z[V, XE] =-V,.[zXE] = —uy0.H,,
z.[VXH(Rt)] =2[V, XxH]=V,.[H X z] = £,0.E,.

The projection of V x E(R,t) and V X H(R, t) onto S can be written as follows;

[V, Xz]E, + d,[z X E] = —u,0:H
[V, Xz]H, + d,[z X H] = £,0,E

Utilizing the identity

AXBXC=B(A.C)— C(A.B)

known as triple product expansion or Lagrange’s Formula, the vector multiplications of

above equations by the unit vector z yield;

V,E, = uyd,[H % z] + 8,E
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VJ_HZ = ant[z X E] + aZH

In a similar fashion, the scalar Maxwell’s equations can also be rewritten by using the
transverse and longitudinal decompositions of the nabla operator, V, and of the fields as

shown below;

V.ERt)=[(V, +20,).(E+2zE,)]=V,.E+0,E, =0
VHRt)=[(V, +2zd,).(H+zH,)|=V,.H+ d,H, = 0.

After the decomposition, the Maxwell’s equationsgiven in (3.1) and (3.2) can be

grouped into two systems of equations: the system just contain E,, ,

VJ_EZ = ‘U.Oat[H X Z] + 0ZE (36(1)
SoatEZ = VJ_. [H X Z] (36b)
0,E, = —V,.E (3.6¢)

with the system just contain H, component,

V., H, = £40,[z X E] + 0,H (3.7a)
‘U.OatHZ = VJ_. [Z X E] (37b)
0,H,=—V,.H (3.7¢)

are obtained in the form of transverse-longitudinal decompositions without any
restriction. It can be seen that the equation (3.2) is written in (3.6¢) and (3.7c). From the

first couple of the boundary conditions (3.3),

nH|,=0=>n.(H+zH,)|,=0>n.H|, =0
LE|,=0=>L(E+zE,)|,=0=LE|,=0 (3.8)
n.H|L=O, lE|L=0

can be written. From the last boundary condition in (3.3),

z.E|, =0

Z. (E+ZEZ)|L = O = EZlL = O
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are obtained. When the condition, E,|;, = 0 is applied to (3.6b) and (3.6¢);

(V..[H x z])|, =0, (Vi.E)[,=0 (3.9)

equalities are obtained.
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CHAPTER 4

SOLVING THE PROBLEM

In this chapter, the problem (3.6)-(3.9) has been solved by using the method of
separation of variables. For this problem this means that every field component in (3.6)-
(3.7) can be written as the product of two factors. One of these factors depends on only
transverse coordinates, r and the other one depends on the variables (z,t). We shall also
search for the complete sets of transverse electric and transverse magnetic time-domain
modes. Transverse modes appear due to the boundary conditions enforced on the wave
because of the physical properties of the waveguide. As an example, a radio wave in a
hollow waveguide with perfectly conducting surface must have zero-valued tangential
electric field component at the walls of the waveguide. Hence, the transverse pattern of
electric field is restricted to those which fit between the walls. The allowed modes can
be found via solving Maxwell’s equations under the boundary conditions over a
waveguide surface. These solutions can be divided into two basic sets of modes in the
interior of a waveguide. For the one set of modes, there is no axial electric field
component. However, these modes have an axial magnetic field and are called
““magnetic type’’ that is H modes or ‘‘transverse electric’’ that is TE modes. The other
basic set of modes has no magnetic field along the waveguide axis but has an axial
electric field instead, hence, they are referred to as “‘electric type’’ that is E modes or

““transverse magnetic’’ that is TM modes.

4.1 Complete Set of the Transverse Electric (TE) Time Domain Modes

TE modes are determined by E,(r,z,t) = 0 condition. Substituting this condition in
(36),0=V,.[Hxz]and 0 = —V,.E are obtained from (3.6b) and (3.6¢),

V,.[Hxz]=-V,.[zxH]=—-[V, Xz].H=0

V,.E=0
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vector identities

AXB=—-BXA, A.(BxC)=C(AxC), AB=B.A

are used in the first line, respetively.

In order to obtain the identity [V, x V, ¥ (r)] = 0, thetransverse components of electric

and magnetic field strength vectors can be written as;

E(r,z,t) =V(z,t)[V, Y(r) X z]
H(r,z,t) = 1(z,t)V (). (4.1)

The functions ¥(r),V(z,t) and I(z, t) have been found later. According to the system
(3.7), H, have been considered as H, = A(z, t)y(r). The unknown function A(z,t) has
also been found later. When H, and the field vectors E and H in (4.1) are substituted in
(3.7b) and (3.7¢) ,

—Hop(r)0,A(z,t) = =V (z,)V,.[z X [V, (1) x z]],
Inl)(r)azA(Z' t) = —I(Z, t)vJ_ Vﬂl)(r):

are obtained. After applying the triple product expansion to the right-hand side of the

first line, and making use of V,.V, (1) = V3 (r), we obtain
oY (1) A(z,t) = [-ViY(M)]V (2 t)
Y(r)d,A(z,t) = [-Vip(M)]I(z,t)(4.2)

which indicates that ¥ (r) is twice differentiable with respect to the transverse
coordinates, (r). Lastly, substituting (4.1) and H, = A(z, t)y(r) in (3.7a) and using

z X [V, ¥(r) x z] =V, ¥(r),and eliminating the term V() from both sides of the

equation,

V_LHZ = ant[z X E] + aZH

V, [A(z, )(1)] = &40, [Z X [V(Z; [V () x Z]]] + 0,[1(z, )V, (r)]

A(z,t) = £,0,V(z,t) + 0,1(z,t) (4.3)
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are found. In (3.8), every boundary condition for the transverse components of electric
and magpnetic field vectors E and H gives the same boundary condition for the function

Y (1) as follows; Substitution of (4.1) into (3.8) yields the following conditions;

Iz, )[n.V ()]l = 0
V(z,t)(L. [V, p(r) x z])|, = 0.

Notice that I(z, t) and V (z, t) must not be zero, otherwise, the transverse components of
electric and magnetic field vectors in (4.1) will be zero. Since nontrivial solutions are

searched for, the above equations should be interpreted as follows;

[n.V,p(@)]l, =0
(L [Voy(r) x zD, = 0.

Hence, these boundary conditions yield the same condition for the potential ¥ (r) as
follows

Onp(r)[L =0 (4.4)

stating that the normal derivative of 1(r) on the contour L equals to zero. Moreover,
the definitions in (4.1) satisfy the boundary conditions in (3.9). It is seen from (4.2) that
the potential Y (r)must be twice differentiable. This situation and the boundary
condition (4.4) propose to use Neumann boundary-eigenvalue problem to obtain the TE
modal fields. r € S and vZ >0 (n =10,1,2,...) are the real eigenvalues. For the TE
modes, the following problem which is a Neumann boundary- eigenvalue problem is

solved.
(Vi + U,%)l/)n(r) =0, anlpn(r)lL =0 (4.5)

where the functions set {y,,(r)};-, are the eigenfunctions according to the eigenvalues
{v2}5_, in problem (4.5) and these functions are complete in Hilbert space L, (S) space
[47]. Thus, any potential ¥ (r) that satisfy the condition (4.4) can be written in terms of
functions ¥,,(r). To this aim the functions y,,(r) should be normalized. The complete
set of functions, {i,,(1)}5-,, generates a complete set of TE modes in the time domain

[6]. In (4.1) and (4.2), the potential iy can be taken as an eigenfunction v,,.

When [—V3 ¥, ()] = v24, (r) is substituted in (4.2) and after introducing A(z, t) as
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A(z,t) = v2h,(z,t),itis Iso used in (4.2). Then,
V(z,t) = —podihn(z,t) and 1(z,t) = 0,h,(2,t)
are found. If these equalities and the expression A(z, t) = v2h,(z,t) are substituted in

(4.3), the following differential equation is obtained for the function h, (z, t)

04h,(z,t) — 02h,(z,t) + vVih,(2,t) =0 (4.6)

where d,; = d/cdt and ¢ = 1/,/&pu,. The differential equation in (4.6) is known as the
Klein-Gordon Equation (KGE) in mathematical physics [41] and [42]. After these

efforts, all the field components of TE modes can be listed as follows

Epy(r,z,t) =0,

Exf(r,z,t) = [-0:hn (2, O]poVipn (1) X 2,

H3F (1,2,t) = [0,hn(2, )]V 19, (1), (4.7)
Hiz (1,2,t) = [Unhn (2, ) ]upihn (7).

Where n = 1,2, ... and these equations are called constitutive equations. The expressions
in the square brackets in (4.7) are the modal amplitudes in physical sense and the terms,
which are the vector functions of transverse coordinates, (r), originate the modal basis.
To obtain the field components with appropriate physical dimensions, it is necessary to
normalize the functions, vy, (r). The functions ¥,,(r), n # 0 can be normalized as

follows.

2
s f () |2ds = 1. (4.8)
S

By using the equalities in (3.5), which enables us to rewrite the energy characteristics of

the field in a simpler form as shown below.
WnTE(ZJ t) = [(acthn)z + (azhn)z + Urzlhrzl]/z
PZT;lE(Z: t) = (_athn) (azhn)

Example 4.1 In this example, a rectangular waveguide will be considered. That is,

0<x<aand 0 <y <b will be considered. The contour of the waveguide will be
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considered enough properly and none of the inner angle is greater than .

0=x=a
r=h
b o yTo 3
o x=a
=
5 0=y=b
0=y=b
0=x=a 4
y=10

where r = (x,y) € S. For TE time domain modes, Neumann boundary-eigenvalue

problem will be considered.

alpm(r) =0 .uovrzn
on 5 ’ S

(V2 + 02 )9 (r) = O, [Wn@rds =18 @9)
S

where
@1==n.Vl
is the normal derivative over the L contour and for m =1,2,3,..v3 >0 are

eigenvalues, the potentials y,,(r) are eigenvectors corresponding to eigenvalues. The

solutions of the problem are found using the method of separation of variables.

Y (1) = Yr(x,y) = X(0)Y (y) (4.10)
d*x dzy
YO 4 K L+ XY 0) = 0
1 d2X(x) 1 d?Y(y) 2 _
X0 T ovo) o T

only depends on x; —v,zc only depends ony; —vf,

So,

vi + vy = v

can be written. The equation is transformed into a pair of ordinary differential
equations.

d?X(x) .
T = —X(x)vZ = X(x) = Acos(vyx) + Bsin(v,x)
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d?Y (y) -
o7 = YOy = Y() = Ceos(vyy) + Dsin(vyy)

So, the solution is written as;
Ym(x,y) = [Acos(vyx) + Bsin(uyx)][Ccos(vyy) + Dsin(vyy)] (4.11)

Now, the following boundary condition and normalization will be satisfied.

0P (1)
on

=0,

2
L [ )15 = 1
S

i.For0<x<a,y=0, n=(01)and

Vj_lpm(x' y) = ((lpm)x: (lpm)y)

n. vllpm = (l/)m)y

(¥m)y(x,0) = [Acos(vyx) + Bsin(v,x)|Dv, =0 =D =0
Substitute this in (4.10);

Ym(x,y) = [Acos(vyx) + Bsin(uyx)][Ccos(vyy)]
will be obtained.

ii. For x=0, 0<y<b, n=(1,0)

Vj_lpm(xr y) = ((lpm)x: (lpm)y)

n. Vj_wm = (lpm)x

(W) x = [—Avysin(v,x) + Bvxcos(vxx)][Ccos(vyy)]
(W)« (0,y) = BCvxcos(vyy) =0=>B=0

If we rearrange our solution;

Y (x,y) = ACcos(vxx)cos(vyy)

is obtained.

iii. For x=a,0<y<b, n=(1,0)

Vllpm(xr y) = ((lpm)x' (lpm)y)
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.V Y = Pz

(WYm)x = [—Avysin(uyx)][Ccos(vy,y)]

(Wm)x(a,y) = —ACuysin(uya)cos(vyy) = 0 = sin(vya) =0 = vya = pm,
SUp="—, PpEL

iv.For 0<x<a,y=b,n=(01)

Vim0 y) = (@mdx @m)y)

.V P, = (Ym)y

(Ym)y = —ACuycos(vyx)sin(vyy)

(Ym)y(x, b) = —ACv,cos(vex)sin(vy,b) = 0 = sin(v,b) =0 = v,b =qm,

>V, =—, qEZL

v,§1=v§+v§=(p§)2+(qg)2, pt+q#*0

Ym(x,y) = ACcos (z%n x) cos (qf y)

For m = 0, ¥,,(x,y) will be normalized as;

2
HoUm

j e () [2ds = 1
S

a b
Mgfnjj |ACcos cos (%y)r dydx =1
00

a b
'u:;fl (AC)Zf |cos (%x)lz dxf |cos (%y)lz dy=1
0

0

a

b
o 40 [ 3 (eos () 1) e [ eos (557) 1) =
(AC)f2 cos ax+1 dx > \cos by+1 dy =1
0




2
UoUm

AC)?ab =1
4ab (AC)"a
4
(AC)* = —;
HoUm
2
ATmE = AC =
Umn/ Ko

The condition of normalization allows us to obtain the normalization constant A%E.

So the solution to the Neumann problem (4.9) including the normalization constant

2

UmHo

TE _
Ay =

Y (1) = Y (x,y) = ATEcos (Z%T x) cos (qf y)

These eigenfunctions correspond to the following eigenvalues;

vfnz(%)2+(%)2 ,pEZqELp+q+0.

4.2 Complete Set of the Transverse Magnetic (TM) Time-Domain Modes

The TM modes are determined by H,(r,z,t) = 0 condition. Under this condition, the
systems (3.6) and (3.7) are solved similar to the TE modes. The TM modes are

generated by the solutions of the Dirichlet boundary-eigenvalue problem;

Sokrzz
S

(V2 +k2)gu() = 0, ()], =0, f aP2ds = 1N, (412)
S

k2 >0, n=0,1,2,.. are eigenvalues and the functions ¢, (r) are eigenvectors which
correspond to the eigenvalues. The eigenvalues, {kx2}x_, are real. The complete set of
eigenvectors, {¢,(r)},~, produce a set of complete TM Modes [6], [11], [47].

Components of field forn = 0,1,2, ... are;

HIM(r,z,t) = 0,

H™(r,z,t) = [—0,e,(z,t)]z X £,V ¢, (1), (4.13)
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EZ;M(T, Z, t) = [azen(zﬁ t)]vl¢n(r);
Egrllw(r: z,t) = [Knen(Z: t)]Kn¢n(r)-

The modal amplitudes in square brackets are determined by the functions e, (z, t) and
these functions satisfy the following Klein-Gordon Equation (KGE).

0%e,(z,t) — 02e,(z,t) + K2e,(z,t) =0 (4.14)
The energy characteristics for TM fields are found by using the normalization in (4.12)
as the follow;

WM (z,t) = [(0ccen)? + (0,0)% + KZe2]/2

PZ’I;lM(ZJ t) = (—0ce,)(0,€,)

Example 4.2 In this example, the Dirichlet problem for a rectangular cross-section will

be solved.

2
(V2 + k2o =0, ¢l =0, 2 [ I lds = 1 (415)
S

The problem is solved by the method of separation of variables.

Pm (1) = P (x,y) = XY (y)

dzx d’y
Y(y) dx(ZX) +X(x) dy(zy ) 2 XOY() = 0
1 d?X(x) 1 d’Y(») 2 _
X(x) dx? * Y(y) dy? Frm =0

only depends on x; —K,ZC only depends on y; —KJZ,
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where k% + k5 = K7,

The equation is turned into a pair of ordinary differential equations.

d*X

dx(zx) = —X()k; = X(x) = Acos(kxx) + Bsin(i,x)
d’y

dy(zy) =-Y(ki = Y(y) = Ccos(xy,y) + Dsin(k,y)

So, the solution is written as;

Om(x,y) = [Acos(kx) + Bsin(Kxx)][Ccos(Kyy) + Dsin(rcyy)]
Now, let’s satisfy the boundary and the normalization conditions;

gokrzn
S

S, = 0, f (o (1) 2dls = 1
S

. For0<x<a,y=0;
P (x,0) = [Acos(k,x) + Bsin(k,x)][C =0 = C=0
Substitute this in (4.16),
G (x,y) = [Acos (i, x) + Bsin(Kxx)][Dsin(Kyy)]
is obtained.
ii. Forx =0, 0<y <b;
¢ (0,y) = ADsin(k,y) =0 = A =0
If we rearrange the solution,
Om(x,y) = BDsin(Kxx)sin(Kyy)
is obtained.
iii. For x =a,0 <y < b;

bm(a,y) = BDsin(Kxa)sin(;cyy) =0

sin(k,a) =0 > k,a=prn,pEZL
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:>rcx=?, pEL
iv. For 0<x<a,y=b,

b6, b) = BDsin (2 x) sin(ie,b) = 0

Si‘l’l(K'yb) =0 >Kk,b=qn,q €L

=>Ky=q7n, qEZL
K,2,1=K%+K32,=(p7n)2+(q7n)2, p+q#0

¢m(x,y) = BDsin (% x) sin (% y)

For m # 0, let’s normalize the function, ¢,,(x, y).

gokrzn

S

f | () 2ds = 1
S

a b
g(;’;% j f |BDsin (I%Tx) sin (%Ty)r dydx =1
00

2
SOKm
BD)?ab =1
4ab (BD)?a
(BD)2 = —
- €0k
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2

PN

Normalization condition allows us to obtain the normalization constant A7M. So the

ATM = BD =

solution of the Dirichlet problem (4.15) is obtained as;

D) = b, ) = ARsin (B x) sin (T )

where the normalization constant is

2

PN

The eigenvalues which eigenfunctions correspond to are calculated as follows;

™ _
Ay’ =

and p,q € Z.

KTZnZ(%)2+(%)2 ,DEZLqELP+q+0

As a general summary;

For TE modal fields;

vfnz(%)2+(%)2 ,DEZqELPp+q+0

and for TM modal fields;

=) +(1) perqenprq=o

The physical meaning of these eigenvalues is that; the TE and TM waveguide modes

2 2
which have frequencies smaller than the number (%) + (%) cannot spread in the

waveguide. These eigenvalues are called as ‘‘the cut-off frequency’’.

For the TE modes the Klein-Gordon Equation (4.6) and for the TM modes the Klein-
Gordon Equation (4.14) have the same structure.

Now, the scaled time t and the scaled coordinate ¢ will be introduced.

For the TE modes, T=vpct, & =v,2

For the TM modes, 7t =rk,ct, & =K,z (4.17)
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So, the Klein —Gordon Equations in (4.6) and (4.14) can be written in a general form as

follow.

(02-0+1)f(& 1) =0 (4.18)
if £ =v,z and T =v,,ct then f(& 1) = h,( 1)

if &£ =k,z and t = K,ct then f(§,1) = e (&, 7)

Moreover, the TE and the TM modal fields can be rearranged in a common form to

study the modal amplitudes of the field components.

EZT,f(r, fi T) = 0!

v e/ o EXE(r,6,7) = A, D)V, 0, (1) X 2,
vt HEE (1,8, 7) = B, DV, (1),

R HIE (1 €,7) = f(§ D (1),

HIM (r,€,7) = 0,

i Vio/ g0 HM (1,8,7) = A, 1)z X V1, (1),
K LERM (1, €,7) = B(E, 1)V, ¢ (1),

K lEIN (1 €,7) = £ (&, D ().

where A (&, 1) and B(¢&, T) are the amplitudes of the transverse field components. They
are generated by the function f (¢, 1), which is the amplitude of the longitudinal field

component. They are

A, 1) = =0-f(§, 1) and B(S, ) = 0¢f (&, 7).

Therefore, for the TE and the TM modal fields, the energy density and the z-component

of Poynting vector are written in the new forms as follows:

kW (1) = (A?+ B2+ f2)/2

kT_lZPZ(fl T) = Cﬂ%
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In this case, the conservation of energy can be interpreted as,

0:P,(¢,7) + cO,W(E,7T) = 0

in the differential form.

4.3 Lorentz Invariance of Klein-Gordon Equation

As the basis of the theory of relativity, it is claimed that all the laws of physics are
described in the same form by observers moving at constant speed relative to each
other. In this part,it is shown that the Klein-Gordon Equation is invariant under the
Lorentz transformation which is modified form of the Newton and the Galilean
transformations. Using Lorentz transformation, space and time measurements for two

different observers can be converted to each other in their own frame of reference.

y =1/4y1— B?is Lorentz factor and B = v,/c. The Lorentz transformation is defined

as;

X =X, y=y,

z=7(Z+v,b), t=7(f+v—§z‘) (4.19)
c

The inverse Lorentz transformation is also given as,

X =X, y=1y,

z (4.20)
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The Klein-Gordon Equation (4.18) has the same form in both the reference frame and
the moving frame. To prove this, the second line of (4.19) is rearranged by using (4.17).
It is known from (4.17) that; t = v,,ct, & = v,z and T = K, ct, ¢ = k,,z. When z and

t which are in (4.19) are substituted here,

E=v{7(Z+v,0)} =& =7(8+ BT)

T=Umc{}7(f+Z—ZZ_)}=>T=)7(f+ﬁa (4.21)
and similarly,
§=7(E - B0
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r=y(t—=BS) (4.22)

are obtained.

In this case, the solution of the equation (4.18) can be interpreted as;
fIEE ;T D)

Taking partial derivatives with respect to ¢ and z,

0.f(§,7) = 7(—Bog + 0:)f (£, 7),

0¢f (£,7) = 7(9g — B:)f (£,7)

are obtained.

Taking advantage of the first order partial derivatives, the second order partial

derivatives are also calculated as follows,

02f(£,7) = (B27°0% — 2872050, +7202) £ (£,7),

0Ff(£,7) = (7202 — 2p7200: + p*7202) (£,7).

Substituting the second order partial derivatives in equation (4.18), it is seen that the

Klein-Gordon Equation (KGE) also has the same form in the moving frame as follows;

(02-02+1)f(£7) =0.

4.4  The Solution of Klein-Gordon Equation (KGE)

Willard Miller has formed eleven invertable functions which are suitable for the Klein-
Gordon Equation. The results are very crucial for developing of electromagnetic theory
in the time domain. According to Miller’s idea, the solution f (&, 7) to the KGE in (4.18)
can be interpreted as a function of new independent variables u(¢,7) and v(¢,1). It is
supposed that u(é, t) and v(é, t) are twice differentiable functions of the old variables
(¢, ) .Substitution of f[u(¢, 1), v(&,7)] into (4.18) the following equation;

(02 =07 + 1)f (u(&, D), v(§,1) =0

is obtained. After computing the partial derivatives as follows, they will be substituted
in the above equation.
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0.f(u,v) = d,f.0;u+ d,f.0,v
Ocf (W, v) = 0y f.0:u + 0, f.0¢v

0.2 f(u,v) = 8,°f. (0,u)? + 0, f. 0. °u + 0,°f. (0,v)% + 0, f. 0;°v + 8, " f. Opu. 0,v
+ 0y, f. 0,v.0u

This last equation can be simplified as follow because u and v are independent

variables.

0.2 f (u,v) = 3,%f. (0;u)? + 3,°f. (0,v)2 + 0y f. 0. °u + 0, f. 0.°v + 20,,° f. 0;u. 0,v
And similarly,

0Ff (u,v) = 0,°f. (0gu)? + 8,°f. (0gv)? + 0y, f. 0" u + By f. O *v + 20, f . Dgu. g
After substitution of the derivatives into their places,

{[(w? = (9c0)"] 92 + [@:v)? — (0¢v)"| 92 + [02u — dZula, + [92v — 03v]a,

+2[(0:v) (@) — (9¢v) (05)]03, + 1} f(w,v) = 0 (4.23)

is obtained.

4.5 The Modal Amplitudes in the Form of the Product of Airy Functions
In Miller’s list, the fifth pair of the equations is considered, where

—o < U,V < o,
ut+v=_(t+¢&)/2
u—v = +,/t —&; given (-) rather than (+)

t+¢& Jr—¢&
“= T2

4

U=T+E+,/TZ—E

4

After computing the partial derivatives as follows,
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1 1 -1
6517:1—1(’[—5)2
1 -3
afvz—g(r—f)z
1 -1 -t
dru agv—[—+Z(T—f)2][z—z(T—f)2]

1 1 -1 1 -1
6,u.6,v=[Z—Z(T—f)Z][Z+Z(T—f)2]

they will be substituted into equation (4.23) and it is seen that the coefficients in the

square brackets of (4.23) are obtained as follows

1

[(E)Tu)z - (ag”ll)z] = - [(a‘rv)z - (afv)z] = 4(u —v)

and all the other coefficients are equal to zero, so it is obtained that

2 2
% + 4uf (u,v) = % + 4vf (u, v)

Using the method of separation of variables gives

fwv) =U@).V(v)
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1 d? 1 d?
———U(u) +4u =

U(u) du2 mﬁ V(U) +4v = 4a

where a is a constant of separation of the variables. At this point, we introduce two new

auxiliary variables w and v as

= Vi(a —u)
7 = Va(a —v)

Then by using the auxiliary variables in the above equations, the following Airy
differential equation

d? d?

WU(I_L) —uU(m) =0 and WV(E) —vV(v)=0 (4.24)
are obtained [23], [44]. The Airy functions as the solutions to (4.24) are real valued,
provided that the constant parameter o in their arguments given in the auxiliary
variables above is chosen to be real valued. The final solution to the Klein-Gordon

equation can be written as follow.

fGD=U@V@, 0<sé<t

Assume that the solution has a beginning at t=0. Physically, this condition means that
the field sources are not active before t=0.

In accordance with the causality principle the solution f(&,7) to the Klein-Gordon

equation must be expressed in the following piece-wise function.

0 , <0
fED)={U@V@w) , 0<¢=<t
0 , E>1

The first line of the function above is named as ‘‘the weak causality principle”’. For
t < 0, when the field sources are zero, all fields in that time is also zero. The last line is
the strong causality condition [43]. Moreover, according to the axiom of the special
theory of relativity, an electromagnetic field transmits signal with the velocity of light,
c. These last two conditions together means that the modal fields, created by a source

activated at ¢t = 0, are zero beyond the distance z = ct, i.e. for z > ct. The solution
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f(&,1) = U@)V(v) assumes implicitly that the initial conditions of (2.86) are chosen

as

f(&De=0 = U@V (D)|e=o = {(p(‘g?, ‘ fg 0 :;Z:; i(())

=20 = fort=0

] 0 _ (@),
_Ef(m) ———[U(u)V(v)]LzO—{ 0, <0 = fort<o0.

£=0 at

Hence, our procedure has sense of the expansion of initial values, given for & = 0, over
the whole domain of propagation, 0 < ¢ < t < 4+o0. Every equation in (4.24) has two

linearly independent solutions.
U(u) = a;4;(@) + b, B; (W)
V(?) = azA;(¥) + by B;(V)

where a4, a,, by, b, are arbitrary constants. A;(.) is the Airy function of the first kind
and B;(.) is the Airy function of the second kind. Their arguments as the functions of

dimensionless time 7 and dimensionless coordinate ¢ are

ﬁ=§/Zla—<TZ€—\/?>l and a:?vz[a-ﬁfﬂf?ﬂ

To have oscillation in Airy functions these arguments should be negative. So, it should

be a restriction on « as;

a—<T+€— 'T2_€><O and a—<T+f+ 'T2_5><0

4 4

4 4

a<<T+€—'T2_§> and a<<T+€+'T2_E>

From the characteristic line of KGE,

(02 -0 +1)f(¢ 1) =0.

B ++VB?% — 4AC
y = 2 x4+ c where A= -1, B =0, C =0,

cisconstant. t=—-&8+c¢c and =&+ c¢ willbefound.For t=¢+¢ ,c<1
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Let’s choose ¢ = 0.05 and for the smallertand ¢ , 7= £+ 0.05and 0 < ¢ < 1,s0an

upper bound for a can be found as

+& Jt—f 005 +008
<T4"c— TZ"C= T~ = 00930

a

Considering f(&¢,7) = U(w)V(v) and

U(u) = a,A4;(@) + b, B; (W)
V(?) = azA;(¥) + by Bi(V)

together in the domain of propagation, 0 < ¢ <t < +oo , it is concluded that all the

following combinations of the products of Airy functions

i€, D) =A@A®) , f,(&1)=A4;@B;(v)
3 1) =BWA;®) , fu(& 1) = B;(W)B;(v)

can have physical sense as the solution f (¢, 1), provided that the value of a is chosen

properly.

4.6 Surplus of Energy

The analytical method used is based on solving the Maxwell’s equations with time
derivative which can be expressed in transverse and longitudinal coordinates. The basis
functions producing the electric and magnetic fields and the functions transferring
signal are found by this method. An electromagnetic wave radiating in space also
carries energy with itself. Because of this, the energetic properties of the electric and
magnetic fields are also investigated. The energy is dependent on the time, so the wave
form of the energy exchange between certain components of the modal fields must also
act together with electric-magnetic field propagation. Therefore, the scalar functions
transferring signal which are solutions to the Klein-Gordon equation are shown
graphically with the energy they carry. In this study, energy and the energy exchange

(surplus of energy) are expressed as follows;

W ©) = [A*¢ D) + 232(25,1) + ¢ 0] and
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[A%(, 1) = B*(§,7)]
2

9
0%

sW(, 1) =

0
Wherecﬂ=—af(€,r),58= f( 1)

where W, sW are energy and energy exchange (surplus of energy), respectively and f is
the generating function which is derived from Klein-Gordon equation. A and 8B are
named as the time derivative and the axial coordinate derivative, respectively. The
difference between the square of the time derivative and the square of the axial
coordinate derivative gives the reader the energy exchange (surplus of energy) in the
interval 0 and t. The generating function f, is formed via Airy functions by using a
special choice from Miller’s list. The function exhibits all the characters of the special
function Airy function. It converges for all real arguments. It has been continued to
calculate the energy and the energy exchange (surplus of energy). As a result of
propagation of the signal function which is obtained analytically, the energy exchange
(surplus of energy) occurs. These energy exchanges are shown graphically below by
numerical examples. The graphs are time-dependent. When these calculations are made,
they are subjected to Einstein’s second postulate, causality principle. Graphs of results

are encoded in maple programme.

4.7 Time-Dependent Graphics

The energy stored in the transverse and longitudinal components of the modal fields
changes alternately when signal transferring is occuring. Surplus of energy is the
difference between the stored energy. This is seen in the graphics in detail. The

following graphics are obtained by using maple programme.
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Figure 4.1 The energy W; and surplus of energy sW; for the source function
fi(&,H)ywhena=-1(0<t<15 ), is fixed.
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Figure 4.2 The energy W; and surplus of energy sW; for the source function
fi¢,t)ywhena = -1 (0 < t < 50), ¢ is fixed.
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Figure 4.3 The energy W; and surplus of energy sW; for the source function
fi¢,t) when ¢ = =5 (0 < v < 15), £ is fixed.
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Figure 4.4 The energy W; and surplus of energy sW, for the source function
f1(§,7) when @ = =5 (0 < 7 < 50), £ is fixed.
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Figure 4.5 The energy W, and surplus of energy sW, for the source function
f2(&,t) when a = —1 (0 < 7 < 15), & is fixed.
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Figure 4.6 The energy W, and surplus of energy sW, for the source function
f(&,7) when @ = —1 (0 < 7 < 50), € is fixed.
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Figure 4.7 The energy W, and surplus of energy sW, for the source function
f,(&,7) when @ = =5 (0 < 7 < 15), & is fixed.
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Figure 4.8 The energy W, and surplus of energy sW, for the source function
£ (&) when @ = —5 (0 < 7 < 50), £ is fixed.
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Figure 4.9 The energy W5 and surplus of energy sW; for the source function
f3(&,7) when @ = —1 (0 < 7 < 15), & is fixed.
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Figure 4.10 The energy W5 and surplus of energy sW; for the source function
fz(&, ) when @ = —1 (0 < t < 50), & is fixed.
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Figure 4.11 The energy W5 and surplus of energy sW5 for the source function
fz(&,t)whena = =5 (0 < v < 15), ¢ is fixed.
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Figure 4.12 The energy W5 and surplus of energy sW5 for the source function
f3(§,7) when @ = =5 (0 < T < 50), & is fixed.
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Figure 4.13 The energy W, and surplus of energy sW, for the source function
(&, 7) when @ = —1 (0 < 7 < 15), € is fixed.
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Figure 4.14 The energy W, and surplus of energy sW, for the source function
(6§, 7) when @ = —1 (0 < 7 < 50), £ is fixed.
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Figure 4.15 The energy W, and surplus of energy sW, for the source function
fa(&, 1) whena = =5 (0 < 7 < 15), £ is fixed.
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Figure 4.16 The energy W, and surplus of energy sW, for the source function
fo(&, ) whena = —1 (0 < 7 < 500), ¢ is fixed.
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Figure 4.17 The energy W; and surplus of energy sW; for the source function
fi¢&,r)whena = —1 (0 < v < 500), £ is fixed.
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Figure 4.18 The energy W5 and surplus of energy sW; for the source function
f:(&,7) when @ = —1 (0 < 7 < 500), ¢ is fixed.
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Figure 4.19 The energy W, and surplus of energy sW, for the source function
fo(&,t)when a = —1 (0 < t < 500), ¢ is fixed.

75



CHAPTER 5

RESULTS AND DISCUSSION

Those used in the study and the results obtained can be summarized to highlight the
followings. In this dissertation, time-dependent strength of the electromagnetic fields
produced by a source function in perfect electrically conductive surface waveguide have
been discussed. It has been proposed an alternative technique for the study of
electromagnetic field propagation in a hollow waveguide accompanied with transient
signal transferring processes in the time-domain. This method is called the Evolutionary
Approach to Electromagnetics (EAE). The study is designed in accordance with the
theories of scientific ideas, theorists and engineers to present the waveguide theory in

the time space.

The study of the time-domain modes has been shaped into two autonomous problems.
The first one is the modal basis problem and the second one is the modal amplitude
problem. The modal basis is common for time-harmonic and time-space modes.
Therefore, the results obtained for the time-harmonic field modal basis in theory can be
used freely in the time-space studies. On the other hand, the time-space amplitude
studies need to be resolved the Klein-Gordon equation. Here, the symmetry properties
of the Klein-Gordon equation have been used in terms of Group Theory [14]. The
solution to the Klein-Gordon equation can be presented as a product of two functions if
and only if the functions are specified in pairs in compliance with the properties of
symmetry. A complete set of possible pairs is listed in Miller’s list. Here, surplus of
energy is invastigated in details via Airy functions by using the fifth pair of the list. This
approach seems to be a promising way for solving other problems in time-space as long
as it is obeyed the requirements of the time-dependent arguments and special functions
of mathematical physics.
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A brief summary of this study can be given as follwing. First, the fields have been taken
from the Maxwell’s equation systems with time derivative, d..Then the potentials have
been obtained from Helmholtz equations by solving the two dimensional Dirichlet and
Neumann boundary eigenvalue problems for the transverse Laplacian. The eigenvalues
and the eigenfunctions related to these eigenvalues have been found from Helmholtz
equations. These eigenvalues are real because the Helmholtz operator is a self-adjoint
operator. The normalization of these eigenfunctions have been done by calculating the
constant coefficients of the eigenfunctions under the boundary conditions. On the other
hand, the series solutions of the time-dependent modal amplitudes have been derived
from the Klein-Gordon equation. Therefore, it has been reached the fields by
substitutions of amplitudes and potentials into the constitutive equations.The Klein-
Gordon and Helmholtz equations are independent from each other in terms of the modal
amplitude and the modal base. However, these two independent equations provide the
evolution equations to be derived. In the discussion above, the Klein-Gordon equation
has been solved accordance with the causality principle and satisfies the initial
conditions, whereas the Helmholtz equation satisfies the boundary conditions.
Moreover, both equations are invariant under Lorentz transformations. Finally, the
energy and surplus of the energy have been taken into consideration. Formula of
energetic wave process of stored energy in longitudinal and transversal field extensions
and surplus of the energy have been shown. Some numerical examples have been given

graphically.

In conclusion, the time-domain waveguide modes have been expressed analytically by a
method of Evolutionary Approach to Electromagnetics (EAE). A time-dependent source
function has been considered in a waveguide with perfect electric conductor surface.
Specially, surplus of energy has been investigated in details via Airy functions. Thus,
the energetic wave process of exchange by energy stored in the longitudinal and
transverse field components has been introduced in the time-domain. Then surplus of
energy, which occurs as a result of propagation of the signal function obtained
analytically, has been discussed and some numerical examples have been shown
graphically. Studies in transferring of signal analysis with the help of special functions
have been made more recently [44]. In the future, the other possible solutions proposed
from the Miller’s eleven cases can be considered for the solution of different problems

such as partially filled lossless and lossy waveguides.
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APPENDIX-A

COMPLETE LIST OF SUBSTITUTIONS

A complete list of substitutions for u(¢, 7) and v(¢, t) that factorize the solution to
(4.18) as f(u,v) = U(w).V(v) is given below. It is called the systems of coordinates
(u, v) for the method of separation of variables in Klein-Gordon equation. After that

list, some maple codes are given for some of the graphics above.

1. T=uand & = v,where —o < u < 00, —00 < v < oo yield f(u, v) as a product of
exponential functions.

2. T=ucoshv and & = usinhv, where 0 < u < 00,—0 < v < o0 yield f(u,v)
as a product of an exponential and the Bessel functions.

3. T=W?+v?)/2 and &€ = uv,where 0 < u < o, —o0 < v < o Yyield f(u,v) as
a product of parabolic cylinder functions.

4, t=uvand& = (u? +v?)/2 ,where 0 < u < o0, —0 < v < o yield f(u,v)asa
product of parabolic cylinder functions.

5. T+&=2(u+v)andt— & = (u—v)?, where —o < u,v < o yield f(u,v) asa
product of Airy functions.

6. T+ ¢& =cosh[(u—v)/2] and t — ¢ = sinh[(u + v)/2], where —co < u,v < ©
yield f(u, v) as a product of Mathieu functions.

7. T4+ ¢ =2sinh(u —v) and t— & = exp(u + v), where —oo < u, v < oo yield
f(u,v) as a product of Bessel functions.

8. 74+ ¢ =2cosh(u—v) and 7t — & = exp(u + v), where —o < u, v < oo yield
f (u,v) as a product of Bessel functions.

9. t=sinhucoshv and ¢ = coshusinhv, where —co < u,v < oo yield f(u, v) as
a product of Mathieu functions.

10. T = coshucoshv and & = sinhu sinh v, where —co < u < 00,0 < v < oo yield

f (u,v) as a product of Mathieu functions.
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11.7 = cosucosv and ¢ = sinusinv,where0 < u < 2m,0 < v < myield f(u,v) as

a product of Mathieu functions.

The substitutions given above specify orthogonal systems of coordinates (u, v).
Besides, there are non-orthogonal systems which enable us to separate the variables u

and v in the KGE, see [14].
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APPENDIX-B

>##£12:A1 (u) *Bi(v) AIRY FUNCTION

>restart;
alpha:=-1;
yl:=-0.2;
y2:=0.6;
taul:=0;
tau2:=15;
u:=

Vv

SOME MAPLE CODES

(47 (1/3)) * (alpha- (tau+xi) /4+ (((tau-xi)"(1/2))/2));

(47 (1/3)) * (alpha-(tau+xi) /4-(((tau-xi)"(1/2))/2));

f2:=AiryAi ((4"(1/3))* (alpha- (tau+xi) /4+ (((tau-
x1)~(1/2))/2)))*AiryBi ((4"(1/3)) * (alpha-(tau+xi) /4-(((tau-

x1) "~ (1/2))/2)));

ttau:=diff (-£2, tau);

txi:=diff (£2,x1i);

N:=1500; #N=numpoints
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th:=2; #th is thickness

h2:=piecewise (0>tau,0,f2); #Causality

xi:=tau-0.05;

with (plots) :

a2:=plot (h2, tau=taul..tau2, numpoints=N, thickness=th,view=[t
aul..tau2,yl..y2],axes=boxed, legend=typeset (F[2]),color=bla
ck, symbol=box, linestyle=solid) ;

t3:=plot (ttau, tau=taul..tau2, numpoints=N, thickness=th,view=
[taul..tau2,yl..y2],axes=boxed, legend=typeset (A[2]),color=b
lack, symbol=box, linestyle=dot) ;

t4:=plot (txi, tau=taul..tau2,numpoints=N, thickness=th,view=]
taul..tauz2,yl..y2],axes=boxed, legend=typeset (B[2]),color=bl
ack, symbol=box, linestyle=dash) ;

display ({a2,t3,t4d});

>##SURPLUS of ENERGY

>restart;

alpha:=-5;

delta:=0.05:
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taul:=0:

tau2:=15:

th:=2:

N:=1500:

u:=(4"(1/3)) * (alpha- (tau+xi) /4+ (((tau-xi) "~ (1/2))/2));
v:i=(47(1/3)) * (alpha- (taut+xi) /4-(((tau-xi) "~ (1/2))/2));

f4:=AiryBi (u) *AiryBi (v) :
ttau:=diff (-£f4, tau) :
txi:=diff(f4,xi):

xi:=tau-delta:

W:=plot (((ttau™2)+ (txi"2)+(£f472))/2,tau=taul..tau2, thicknes

s=th, numpoints=N,color=black, linestyle=dash, axes=boxed) :

sW:=plot (((ttau™2)-
(txi”2))/2,tau=taul..tau2, thickness=th, numpoints=N, color=bl

ack, axes=boxed) :

with (plots):

tl:=textplot([1,0.29,"W"],align={above,
right}, font=[times,bold,11]):

t2:=textplot([13.3,0.165,"sW"],align={above,
right}, font=[times,bold, 12]):

display ({W,sW,tl,t2})
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